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Numerical solutions are given for the set of coupled differential equations describing the dynamic 
interaction of sound with an arbitrary number of gas phase reactions, for several systems, both near and 
far from equilibrium. Acoustic response is assumed linear and adiabatic. Absorption by relaxation is 
included. Results for simple combustion systems indicate that transient effects can result in appreciable 
amplification of low sound frequencies. 
PACS numbers: 43.20.Bi 
INTRODUCTION 
Kineticists are making increasing use of complete 
numerical solution of the differential equations for reac- 
tion kinetics, thereby obviating the steady-state approxi- 
mation and enabling' temperature variation during reac- 
tion to be taken into account. t Such methods are also 
applicable to the coupled kinetic and acoustic problem of 
adiabatic sound propagation in a complex reacting sys- 
tem, wherein nonequilibrium processes must be in- 
cluded. Acoustic effects in such systems are somewhat 
different from the well-known attenuation of sound in a 
near-equilibrium reactive system. 2 In a dynamic far- 
from-equilibrium system, it can be seen that sound may 
be amplified: in an exothermic reaction with a positive 
activation energy, a pressure maximum causes a local 
temperature rise, which increases the reaction rate, 
leading to a further increase in temperature and hence 
pressure. 3,4 Such a feedback mechanism is thus a sim- 
ple instance of a chemical instability. s 
The familiar relaxation and dispersion relationships 
near equilibrium are derived under the assumption that 
acoustic and reactive transients have disappeared. 2, s 
We here continue arlier work 3'4 on nonequilibrium sys- 
tems where neither transient may be neglected. Pre- 
vious work invoked approximations confining the validity 
to sound frequencies considerably greater than the reac- 
tion rate yet less than those where relaxation attenuation 
becomes appreciable; no such restrictions apply in the 
present study. 
A particular reason for this investigation is with a 
view to "chemical" sound generation and amplification, 
e.g., in combustion reactions giving rise to singing 
flames, acoustic instabilities, etc. ? Successfulmodeling 
of these effects could lead to improved control of noise 
characteristics. In addition, since ultrasonic relaxation 
methods are well-established techniques for obtaining 
rate data in near-equilibrium systems, it has been sug- 
gested 3'• that they could be extended into the non-equilib- 
rium region; however, our results show that the analytic 
approximations required in such a t•eatment are of lim- 
ited validity. 
I. FORMULATION OF EQUATIONS 
The specific forms for the differential equations for 
adiabatic sound propagation in a general set of reactions 
proceeding in an ideal-gas mixture at constant volume in 
a thermodynamically closed system are as follows. The 
time- and space-dependent vector of variables describ- 
ing the system is denoted by •(x, t), whose components 
are taken to be the pressure p, center-of-mass velocity 
v, temperature T, and mass fractions of species A, 
B, ... (c•t , cB,..., ). Sound dissipation by diffusive and 
viscous effects may be ignored for frequencies well be- 
low the gigahertz region. The appropriate equations of 
irreversible thermodynamics are s 
8t 8x ' 
where F[½] is a nonlinear vector function describing the 
kinetics and B a matrix function of ½ describing acoustic 
effects. All elements of B are zero except for Bt• =- YP, 
Bey = -p(PCv) 't, Bye, = _p-t, where p is the density and C v 
the constant-volume specific heat. The homogeneous 
evolution of the system defined by 
de0 0] at = (2) 
has the following specific form for ideal gases- 
dp T '• C,,,x (3 -T=-pcT n,-p v,), ) 
dv 
-0 (4) dt ' 
_ _ pc; - v,], (5) dt • 
(6) dt • 
Here the sum is over the l = 1,..., K reactions in the 
system, AH•, AVe, and • are, respectively, the specif- 
ic-enthalpy and volume changes and time differential of 
the degree of advancement for the /th reaction, and •'i• 
the mass-weighted stoichiometric coefficient of the ith 
species in the lth reaction. For (possibly pseudo- ) 
first-or second-order reactions (A- products or A + B 
- products) which may be, respectively, (i) uni- or bi- 
molecular (first order or pseudo-first order) or (it) bi- 
or termolecular (second order or pseudo-second order) 
we have 
where g• is the molecularity (e.g. m g• =3 for a termo- 
lecular Second-order reaction), ks the temperature-de- 
pendent rate coefficient, and nat ,nB, the actual (not 
mass-weighted) stoichiometric coefficients of reactants. 
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Linearizing as usual in the Fourier transform, qb(tt, t) 
of the spatially inhomogeneous part of ½, we obtain 
a• -r•(•, t) • (7) dt ' 
The elements of the matrix f•, defined by •,,r 
= O[dpø/dt]/OT, etc., are set out in the'Appendix. 
The usual "fixed-frequency" approximation of steady- 
state acoustics •' puts 
6½(x, t) = • exp[i(cot- trx)], (8) 
where co, K, and the vector • are time-independent com- 
plex quantities. The matrix elements given in the Ap- 
pendix, which make explicit allowance for the tempera- 
ture and pressure variations of all parameters involved, 
are also applicable to a steady-state analysis. Equation 
(8) and these matrix elements, when evaluated for a sin- 
gle reversible unimolecular reaction near equilibrium, 
give the usual sound attenuation and dispersion relation- 
ships. 
Under the nonequilibrium transient conditions consid- 
ered here, the fixed-frequency approximation can no 
longer be made, and we must return to Eq. (7). The 
sound amplitude at a given point is then simply the trth 
Fourier component, provided that the system is initially 
a single-frequency standing wave of wavelength 2•r/K. If 
this condition were not realized, an inverse Fourier 
transform could be carried out, although this has not 
been attempted here. 
Except in particularly simple cases, such as a single 
reaction involving species which all have the same tem- 
perature-independent specific heat, 4 Eq. (2) must be 
solved numerically (for adiabatic systems). Although 
approximate solutions to Eq. (7) may then be derived 4 
for frequencies appreciably greater than the reaction 
rate, such solutions are invalid in situations where the 
frequency and rate are of comparable magnitude. As 
such cases are of particular interest in steady-state 
acoustics, we have not made any such approximations, 
and have undertaken complete numerical solutions of 
Eqs. (2) and (7) together. This time-dependent approach 
is thus able to examine transient changes in frequency, 
amplitude, etc., although of course concepts such as a 
well-defined sound velocity are lost. 
The overall amplification obtained by solution of Eqs. 
(2) and (7) will in general be a function of initial frequen- 
cy, but becomes independent of this quantity in two lim- 
its0: when co is very much greater, than and smaller than 
the reciprocal of the characteristic reaction time of the 
system. 
In the former case, the asymptotic expansion expres- 
sions derived previously • become valid. The envelope 
of the expression for the amplitude so obtained is inde- 
pendent of frequency. The maximum amplification ex- 
hibited in this limit is small, typically about 50% (see 
Sec. III). This small overall amplification arises be- 
cause the origin of the amplification, the exothermic 
feedback mechanism during a temperature rise, is op- 
posed to some extent by the high-frequency amplitude 
attempting to change sign rapidly. 
In the other, low-frequency limit the behavior of the 
amplitude can be approximated by setting the frequency 
to zero (homogeneous evolution), so that a frequency-in- 
dependent amplification again results. Here the feed- 
back mechanism is undamped by sign change in the am- 
plitude, and so the overall amplification will be much 
greater than in the former limit. From the behavior at 
these two limits, it can be seen that lower frequencies 
will be amplified more than higher ones. These effects 
are illustrated by the computational results of Sec. III. 
In the present work, sound absorption by vibrational 
relaxation is taken into account by the inclusion of vibra- 
tional energy transfer processes as separate chemical 
reactions. Although such effects are usually incorpo- 
rated for near-equilibrium systems through a complex 
effective specific heat, •' this requires the assumption 
that certain chemical and acoustic transients have dis- 
appeared, as in Eq. (8). Under the nonequilibrium con- 
ditions considered here, no such approximation can be 
made. 
II. NUMERICAL SOLUTIONS 
Equations (2) and (7) may be solved numerically simulta- 
neously using standard procedures for the solution of 
coupled first-order differential equations. The forms of 
these equations given in the previous section are such 
that a given reaction scheme can be input to the program 
entirely as a matrix of stoichoimetric coefficients. 
However, two computational points are worthy of note 
in the solution of these equations. Firstly, Eqs. (2) are 
such that not all the mass fractions are truly indepen- 
dent variables, being related to others by conservation 
of mass (e. g., for the reaction A- B, we have cr = con- 
stant -ca). The number of differential equations may be 
reduced accordingly. The number and identities of the 
independent mass fractions are found by determining the 
rank r and independent rows and columns of the matrix 
N whose elements are the stoichiometric coefficients of 
the reaction scheme. The mass fractions are then ordered 
such that the independent mass fractions appear first. 
Using the superscripts I and D to denote the independent 
and dependent mass fractions, we then have 
where the •'s are the time differentials of the vectors of 
independent and dependent mass fractions, Nxx , etc., are 
the appropriate submatrices (not necessarily square) of 
N, and 7. J the vector of independent 6i. Since the prop- 
erties of rank may be used to show that 
we have 
giving the required relationship between the dependent 
and independent mass fractions. This result is of gen- 
eral applicability in the numerical solution of kinetic 
equations. 
The second point of interest in the numerical solution 
is that if the concentrations of some species (e.g., free 
radicals) are small but influential, the equations become 
stiffly coupled, and the usual methods for numerical 
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FIG. 1. Pressure sound amplitudes (arbitrary units) for initial angular frequencies of o0 = 10 3, 10 4, 2x 10 4 see -1, and homogeneous 
temperature (K) as functions of time (s) for the cyclopropane reversible isomerization. 
solution require in ordinately small step size. This dif- 
ficulty is usually overcome by the steady-s•ate approxi- 
mation. It is now considered preferable to avoid this 
approximation by use of the Gear algorithm •ø for the so- 
lution of stiff equations. Indeed we found that the steady- 
state approximation was of very limited accuracy in 
these thermally adiabatic systems, since the sudden in- 
crease in temperature brought about by the nonlinear 
nature of the equations can cause free radicals to have 
transiently high concentrations. 
III. RESULTS 
Numerical solutions for sound propagation in two re- 
acting systems are presented in Figs. 1-4. The first 
set of reactions studied was the reversible unimolecular 
isomerization of cyclopropane at a high initial tempera- 
ture (1066 K) and with only reactant initially present, 
dilute in argon; such conditions could be readily realized 
experimentally in a shock tube. Sound frequencies were 
chosen over a range such that absorption by vibrational 
relaxation and heat losses could be neglected over the 
time period studied. For convenience, the specific heats 
of reactant and product were assumed temperature inde- 
pendent, although subsequent calculations (below) did 
not make this assumption. l•arameters used in the cal- 
culation are shown in Table I. Figure 1 shows the tem- 
perature of the homogeneous reaction and the pressure 
amplitudes for a number of angular frequencies some- 
what less than the reciprocal of the final relaxation time 
of the equilibrated system (•'•= 50000 sec'•). The reac- 
tion proceeds slowly until self-heating causes a sudden 
temperature jump and rapid equilibration. Most ampli- 
fication, caused by the exothermicity, takes place during 
the rapid temperature rise, and is accompanied by a 
transient frequency change. For reasons discussed in 
Sec. I, this amplification is greatest for low sound fre- 
quencies. Figure 2 shows the maximum amplitude en- 
velope for initial angular frequencies less than, equal 
to and greater than •'x. As was discussed in Sec. I, 
these higher frequencies show an amplification which is 
independent of frequency, which obeys the previously de- 
rived asymptotic expansion expressions. 4 Amplification 
is then followed by a slight attenuation caused by acoustic 
disturbance of the final equilibrium. Although a near- 
equilibrium system shows greatest attenuation for •o 
= •'•, such a result need not necessarily hold for the 
•900 
•300 
10 3 
2xlO 3 
2xlO 4 
5xlO 4 
i 
o TIME 0.05 
FIG. 2. Maximum amplitude envelopes (arbitrary units) for 
initial angular frequencies of o0=2x10 4 5x10 4 10 5 sec -1 as 
functions of time (s) for cyclopropane reversible isomerization. 
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FIG. 3. Maximum amplitude envelopes (arbitrary units) for 
initial angular frequencies of co = 103, 104, 105 sec -1 and homo- 
geneous temperature, for the H2/C12 photoinduced reaction, as 
functions of time (s), without vibrational relaxation. 
nonequilibrium system when the fixed-frequency approx- 
imation is no longer made. In the case studied here, the 
small attenuation is in fact an increasing function of fre- 
quency over all the range computed. 
The second system studied was the photoinduced 
H•/CL. reaction, 'diluted in argon. This simple combus- 
tion system is also amenable to experimental study, as 
the reaction can conveniently be photoinitiated after re- 
actants have been well mixed." The reactions which 
need to be considered are •' 
CL. + hu - 2C1, (9) 
C1 + H•.- HC1 + H, (10) 
H +CL.- HC1 +C1, (11) 
M + 2C1- CL. + M, (12) 
where M is any molecule. Reaction (9) was assigned a 
temperature-independent first-order rate coefficient of 
5X10 4 
10 5 
i 
0 T! ME 3x10 -3 
FIG. 4. Maximum amplitude envelopes (arbitrary units) as 
functions of time for initial angular frequencies of 103, 2x 103, 
2 x 104, 5 x 104 s -1, and homogeneous temperature for the H•./Ci•. 
reaction with vibrational relaxation. 
TABLE I. Parameters for cyclopropane m propylene revers- 
ible iosmerization. Initial temperature 1066 K. 
Species 
Specific heat Initial pressure 
(cal K -1 mo1-1) (atm) 
(1 cal = 4.184 J) (1 atrn = 101.3 kPa) 
cyclopropane 
propylene 
argon 
28.8 0.5 
28.4 0 
4.97 0.5 
Reaction 
forward a 
reaction 
reverse 
reaction 
Activation Frequency 
Enthalpy change energy factor 
(kcal mo1-1) (kcal mo1-1) (sec -1) Molecularity 
- 7.9 65.6 2.82 x 1015 1 
7.9 73.5 2.82 x 1015 1 
aW. E. Falconer, T. F. Hunter, and A. F. Trotman-Dicken- 
son, J. Chem. Soc,, 609-611 (1961), 
10•'sec '•, which is the appropriate order of magnitude 
for this reaction when irradiated by a typical uv lamp. 
One series of calculations was performed with these 
reactions alone• ignoring any vibrational relaxation, A 
second series included the vibrational relaxation pro- 
cesses 
CL.(v: 0)- CL.(v = 1), (13) 
as a bimolecular pseudo-first-order reaction. This is 
the only nonreactive process in the system with a relax- 
ation time greater than 10 '6 sec. Since the relaxation 
rate for this process has not been measured over the re- 
quired temperature range, it was approximated by the 
TABLE II. Parameters for the H2/C12 photoinduced reaction. 
Initial temperature 310 K. 
, 
Species 
Spec ific-heat c oeffic ient s a Initial 
a • • pressure 
(cal mo1-1 K -1) (cal rno1-1 K -2) (cal rno1-1 K) (atm) 
C12(v =0) 8.82 6.0 x 10 -5 - 6.8 x 104 0. 18634 
H 2 6.52 7.8 x 10 -4 1.2 x 104 0.03 
H 4.97 0 0 0 
C1 4.97 0 0 0 
HC1 6.34 1.1 x 10 -3 2.6 x 104 0 
C12(v= 1) 8.82 6.0x10 -5 -6.8x104 0.01366 
Ar 4.97 0 0 0.77 
Enthalpy 
change Activation 
(298 K) energy Frequency 
Reaction (kcal mo1-1) (kcal mo1-1) factor b Molecularity 
C12 +h•-'2C1 e -61.1 0 0.1xl0 -1 1 
H2 +CI-'HC1 +H d 0.9 5.48 0.8x10 TM 2 
C12 + H --'HC1 +CI' -44.6 2.4 0.1x1015 2 
C12(v =0) --C12(v = 1) e 1.61 7.95 0.8 x 1012 2 
2C1 --C12 f - 57.8 - 1.64 0.4x 1015 3 
Hø +HCI--H2+ C1 -0.9 4.58 0.8x10 TM 2 
C12(v =1) -'C12(v = 0) -1.61 6.34 0. Sx1012 2 
aFrom O. Kubachewski and E. L. L. Evans, Metallurgical 
Thermodynamics (Pergamon, New York, 1965); vibrational 
contribution subtracted for Cl•(v = 0 and v = 1). 
bUnits Of mo1-1 cm3(molecul.- 1) sec -1. 
CSee text. 
aG. J. Fettis and J. H. Knox, Prog. React. Kinet. 2, 1-38 
(1964). 
•A. F. Trotman-Dickenson, Gas Kinetics (Butterworths, London, 
1959), p. 184. 
fG. Burns and R. J. Browne, J. Chem. Phys. 53, 3318-3323 
(1970). 
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rate for the F•./Ar relaxation process, •a fitted to an 
Arrhenius form; the relaxation time so obtained is prob- 
ably an overestimate. All parameters used in the cal- 
culations, which included complete allowance for the 
specific heats of all species, are shown in Table II. Nu- 
merical results for the maximum-amplitude envelopes 
and the homogeneous temperatures are shown in Figs. 3 
and 4. The fact that such a complex set of reactions can 
be readily processed is indicative of the power of Gear's 
method. The results obtained are qualitatively similar 
to those for the reversible unimolecular isomerization. 
Low frequencies are amplified appreciably: Because of 
the high exothermicity, the maximum amplification is by 
about a factor of four, and is approximately constant for 
low frequencies, as discussed above. When vibrational 
relaxation was included, higher frequencies are consid- 
erably attenuated. 
Although the results here have been obtained for a 
constant volume system, they should be qualitatively ap- 
plicable to sound amplification in a constant-pressure- 
flow system with a temperature profile along the flow 
tube akin to the temperature-time profile found here. 
The results given here indicate that specifically chemi- 
cal-amplification effects should be considered in study- 
ing acoustic properties of such systems (including noise 
generation in combustion), in addition to the physical 
sources of noise usually taken into account. 
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APPENDIX: THE ELEMENTS OF THE MATRIX g• 
It is assumed that all rate coefficients have an Arrhe- 
nius temperature dependence 
k, =f, exp(- E •/RT), 
and that the temperature dependence of the molar con- 
stant-pressure specific heat of the ith species has the 
form 
C•= a i + 13iT +• T '•'. 
The total constant-pressure specific heat is 
, , 
i=l,s 
where c i is the mass fraction and M• the molecular 
weight of the ith species. We define the following sym- 
bols' 
r=p(pRT) '•, 
• T.1 q•=a•T+•T • -• • , 
= - - 
G• = T '• • -pC•AV•, 
and denote the ordinary (not mass-weighted) stoichio- 
metric coefficients by n• = p•M•/M• (where M • is the 
total molecular weight of all species on the right-hand 
side of the /th reaction). We then have 
•H•( T)= (M•)'• {•-I(298) - •-• ni• [ qi(298) -qi( T)] } i 
8c i c i 
(where 6il is the K•onecker delta). The elements of • 
are then 
--PT'lAVa)I, 
where dp/dt and dT/dt are defined by Eqs. (3) and (5), 
and all summations are over l. 
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